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Introduction

I N recentyears theboundary-layerstructurein solidrocketmotors
has received much attention in the rocket combustion stability

community.This attentionmight be attributedto the role that it plays
in connection with a number of combustion mechanisms that occur
in the vicinity of the burning surface. On that account the focus of
thisNote will be to analyze theacousticboundary-layerstructurevia
two recent analytical models that have been shown to agree favor-
ably with available numerical and experimental data in the forward
half of a rocket chamber.1 Historically, the � rst model was derived
by Flandro2 usingthe vorticitytransportequationand regularpertur-
bations.The second was derivedby Majdalaniand Van Moorhem1;3

using the momentum equation and a composite-scale perturba-
tion technique.Despite their dissimilar analytical expressions,both
models have been shown to concur over a wide range of physical
parameters.1 The latter offers a compact expression for the velocity
� eld where information about the boundary layer can be extracted
explicitly.The currentNote will exploitthis featureto explain the in-
� uence of various � ow variables and address several related issues,
including the penetrationdepth of the rotational region, the peculiar
Richardson overshoot,4 and the phase difference between oscilla-
tory pressure and velocity. The reader is cautioned that the present
treatment will be applicable to laminar conditionsonly and may not
apply to aft rocketmotor sectionswhere turbulenceis more likely to
exist. In fact, we expect our analytical formulations to overpredict
the velocity’s rotationalwave amplitudesand depths obtained in tur-
bulent regimes. For discussions concerned with turbulent behavior,
the reader is referred to the Refs. 5–14 and the references therein.

Analysis
Wave Characteristics

We begin by considering the time-dependentvelocity derived in
Ref. 1 [cf. Eq. (63)]. Using the same notation as in Ref. 1, we write

u.1/.r; z; t/ D "w

°

Irrotational part Rotational part

sin.km z/ sin.km t/ ¡sin µ sin.km z sin µ/ exp ³ sin.km t C 8/

Wave amplitude Propagation

C .Mb/ (1)

where

³.r/ D »´.r/r 3 csc3µ; 8.r/ D ¼¡1Sr tan 1
2 µ

µ D .¼=2/r 2; c D 3
2

(2)
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The time-dependent velocity consists of a linear juxtaposition of
inviscid, irrotationaland viscous, rotational � elds. From Eq. (1) one
can infer that thevorticalwave amplitudeis controlledby two terms:
1) an exponentially decaying term—made possible by retention of
viscous effects—that diminishes with increasing distance from the
wall and 2) a sinusoidalterm—made possibleby inclusionof down-
stream convection of unsteady vorticity by the mean � ow—which,
in addition to its monotonic decrease with r , varies harmonically
with the streamwise coordinate. Because the exponentially decay-
ing wave amplitude depends directly on » D !2

0º0 R=V 3
b , increasing

the viscosity causes the amplitude to decay more rapidly. The role
of viscosity is hence to impede the inward penetration of vorticity.
Equation (1) also indicates that the axial variation in the wave am-
plitude along the centerline is controlledexclusivelyby the acoustic
� eld, whereas the radial variation is decreed by the rotational � eld.
On a separate note, recalling that the phase of the rotational wave
is uniform along lines where (km t C 8) is constant, Eq. (1) yields
the radial speed of wave propagation. The latter can be readily de-
termined to be equal to Culick’s radial mean � ow velocity.15 The
solution thus appears to exhibit the proper coupling between mean
and time-dependentcomponents.

Boundary-Layer Envelope
From Eq. (1), the rotational wave amplitude that controls the

evolutionof theacousticboundary-layerenvelopecanbe recognized
to be

Qu.1/ D ."w=° / sin µ sin.km z sin µ/exp ´r 3 csc3µ=Sp (3)

where Sp D 1=» is the so-called penetration number.1 The point di-
rectly above the wall where this amplitude reaches 1% of its irrota-
tional counterpartde� nes the edge of the rotational boundary layer.
In this case the point must be calculated by � nding the root r p of

sin .¼=2/r 2
p sin km z sin .¼=2/r 2

p

£ exp r 3
p csc3 .¼=2/r 2

p ´.r p/=Sp ¡ ®jsin.km z/j D 0 (4)

where ® D 0:01 de� nes the 99% based boundary-layer thickness.
In general this penetration depth will depend on the penetration
number, the mode number, and the axial location. The larger the

penetrationnumber, the larger the penetrationdepth will be because
of a smaller argument in the exponentialterm arising in Eq. (4). The
upper limit on the boundary-layerthickness (ypm D 1 ¡ r pm ) can be
determined from the inviscid formulation of the penetration depth.
Setting º0 D 0 in Eq. (4) precipitates

sin .¼=2/r 2
pm sin km z sin .¼=2/r 2

pm ¡ ®jsin.km z/j D 0 (5)

Equation (5) can be manipulated algebraically to provide a closed-
form asymptotic expansion for the maximum penetration depth.
Takingadvantageof the fact that r pm < 1, the 99%inviscidthickness
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can be evaluated from a one-term perturbation expansion extruded
from Eq. (5):

ypm D 1 ¡ 4®

¼ 2

jsin.km z/j
km z

1
4

C r 6
pm (6)

Because the minimum possible ypm is 74.8% at z D 0, r pm cannot
exceed a value of 0.252. Subsequently, the maximum error associ-
ated with Eq. (6) can be calculatedto be 0:000259¿ Mb . This error
can affect the depth of penetrationonly in the thirdor fourthdecimal
places, a practically negligible contribution.

Comparisons
In Ref. 1 a comparativestudy of time-dependentvelocitypro� les

has indicated that both regular perturbation2 and composite-scale
models1 exhibited similar velocity pro� les. Naturally, one would
expecttheirpenetrationdepthsto be in agreementas well. In fact, the
penetration depths can be evaluated analytically and are compared
in Fig. 1 to the numerical solution described in Ref. 1 for z¤=L D 1

2
and a wide range of Sr and Rek . When plotted against Sp , entire
families of curves, such as those shown in Fig. 1, collapse into
single curves per axial location.This event allows us to condenseall
informationabout the penetrationdepthon one graphper oscillation
mode. As borne out in Fig. 2, characteristic curves of penetration
depths at several axial locations spanning the length of the chamber
can be convenientlydepicted for the fundamental oscillationmode.
Collapsing the results onto a single graph provides unambiguous
means to interpret the boundary-layerstructure.

As can be inferred from Fig. 2, the dependence of the penetra-
tion depth on the axial location z is minute in the forward half of
the chamber and becomes more pronounced in the aft half. The

Fig. 1 Trace of the penetration depth obtained numerically and from
two analyticalmodels1;2 for a wide range of control parameters and one
axial station. CST, composite-scale technique.

Fig. 2 Locus of the laminar penetration depth obtained numerically
and from two analyticalmodels1;2 for awiderangeof controlparameters
spanning the chamber length. The penetration of vorticity is expected
to be less pronounced under turbulent conditions. CST, composite-scale
technique.

Fig.3 Trace of the maximumpenetration depth for the � rst fouracous-
tic modes. Results correspond to laminar conditions that tend to over-
predict the penetration depth in the chamber’s aft half when turbulence
is present.

increased sensitivity of the boundary-layer thickness to z with in-
creasing axial distance from the head end is attributed to vortical
intensi� cation in the streamwise direction. For fundamental oscil-
lation modes the axial dependence is found to be important only
in the aft half of the chamber when z becomes relatively large.
For small penetration numbers the penetration depth is found to
be directly proportional to the penetration number, independently
of the axial location. In practice this could take place when the
mean � ow injection speed is very small, resulting in insigni� cant
vortical intensi�cation in the streamwise direction. Evidently, this
range does not correspond to rocket motors characterized by size-
able penetration numbers and, therefore, substantial penetration
depths.

The sensitivity of the penetration depth to variations in the pene-
tration numberdecreasesat higher values of the penetrationnumber
associated with frictionless � ows. As the penetration number be-
comes large, such as when exceeding 100 in Fig. 2, the value of the
penetration depth becomes independent of the penetration number
and can be estimated from the inviscid formulationgiven by Eq. (6).
This maximum possible penetrationdepth ypm that can occur at any
axial location is compared in Fig. 3 with the numerical solution of
Eq. (5) for the � rst four oscillation modes. Clearly, the maximum
penetration depth increases with the axial location and the mode
number. The axial increase is not monotone because ypm reaches a
maximum at the acoustic velocity nodes where the boundary layer
extends to the core. The reader is cautioned that, because our cur-
rent estimates correspond to laminar conditions, they tend to over-
predict the penetration depth when z¤=L > 1

2 . In fact, in aft-rocket
portions, the onset of turbulencehas been shown to impede the vor-
tical wave propagation.The reader is referred,for example to Fig. 13
in Ref. 13, where laminar and turbulentacousticboundarylayers are
compared.

Unsteady Velocity Overshoot
The phase difference between vortical and acoustic solutions

causes a periodic overshoot of the time-dependentvelocity that can
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Fig. 4 Analytical1;2 and numerical predictions of the locus and mag-
nitude of Richardson’s velocity overshoot at z ¤ /L = 1

2 and a wide range
of control parameters. This overshoot is less intense under turbulent
conditions. CST, composite-scale technique.

¯m .y D 0/ D arctan lim
y ! 0

» exp.¡» y/sin.¡ySr/ C Sr exp.¡» y/cos.¡ySr/

» exp.¡» y/cos.¡ySr/ ¡ Sr exp.¡» y/sin.¡ySr/
D arctan.SrSp/ (10)

reach almost twice the acousticwave amplitude.This overshoot is a
well-known effect that is characteristicof oscillatory � ows and was
� rst discovered in experiments on sound waves in resonators by
Richardson,4 who � rst realized that maximum velocities occurred
in the vicinity of the wall. Theoretical veri� cations of this peculiar
phenomenonwere carried out by Sexl,16 and additionalexperiments
were conducted by Richardson and Tyler17 on reciprocating � ows
subjected to pure periodic motions.

In our problem the overshoot factor OF can be determined from
Eq. (1) along with the distance ymax extending from the wall to the
point where maximum overshooting occurs. Figure 4 summarizes
the observed trends that indicate that the overshoot increases with
decreasingkinematicviscosityand frequency.The overshootoccurs
in the vicinity of the wall, roughly, in the lower 25% of the solution
domain. Indubitably, this corresponds to the most sensitive region
near the burning surface. Because this overshoot is not captured by
the one-dimensional model currently in use, the need to incorpo-
rate the two-dimensional � eld, presented here, becomes even more
important, especially when proper coupling with the combustion
process is desired near the propellant surface. When compared to
the impermeablewall overshootof about 113% (Ref. 18), the 200%
magni� cation observed here is more signi� cant. Plots of velocity
overshoot and loci of these velocity extrema given in Fig. 4 are al-
most indistinguishable from corresponding numerical predictions.
Note that the loci are independent of Rek (i.e., viscosity) and de-
pend only on Sr. For the regular perturbation model of .1=Sr/;2

slight deviationsfrom numerical predictionscan be discerned when
OF < 1:75 or Sr < 20.

Acoustic Pressure Phase Shift
In Eq. (1), 8.r/ is the phase angle of the vortical velocity com-

ponent with respect to the acoustic counterpart. This function is
proportional to Sr and controls the propagation speed of the rota-
tional wave. The angle ¾m by which the sinusoidal pressure wave
leads the time-dependentvelocity can be determined in the follow-
ing fashion: First, the time-dependent pressure and velocities can
be written as harmonic functions of time, viz., p.1/ D "w sin[km t
C .¼=2/] cos.km z/, and

u.1/ D ."w=° / .1 ¡ Am cos8/2 C .Am sin 8/2

£ sin.km t C ¯m/ sin.km z/ (7)

From Eq. (1), ¯m D arctan[¡Am sin 8=.1 ¡ Am cos 8/], where

Am D sin[.¼=2/r 2][sin.km z/]¡1 sin km z sin[.¼=2/r 2]

£ expf»´.r/r 3csc3[.¼=2/r 2]g (8)

Hence, for any axial location, the angle by which the pressure leads
the velocity is simply ¾m D .¼=2/ ¡ ¯m . Near the wall the angle 8
can be expressed in a Taylor-seriesform expanded about y D 0. The
result is

8.r / D ¼¡1 Sr tan[.¼=2/r 2]

D Sr ¡y C 1
2
y2 C O.y3/ ’ ¡ySr (9)

The effective composite scale ´ that appears in Eq. (8) also exhibits
an asymptotic form near the wall.1;3 Indeed, because ´.r / D ¡y at
y D 0, the vortical velocity amplitude given by Eq. (8) simpli� es to
Am D exp[»´.r /] D exp.¡» y/. At the outset, ¯m and ¾m become

¾m .y D 0/ D
¼

2
¡ arctan.SrSp/ D

¼

2
¡ arctan

V 2
b

!0º0

D
¼

2
¡ arctan

V 2
b L

m¼a0º0

(11)

This exact analytical limit is common to all rotational models
whether one dimensional3;19 or two dimensional1;2;20 and whether
using purely analytical means,19 regular perturbations,2;20 or com-
posite-scale techniques.1;3 Furthermore, this limit can be veri� ed
by numerical computations. Near the centerline, where the acous-
tic velocity is the only nonzero component, the rotational velocity
vanishes, ¯m vanishes, and ¾m will be 90 deg. Thus, the acoustic
pressure leads the velocity by an angle that varies from a small
value at the wall to 90 deg at the centerline.Not unlike the velocity
pro� le, there existsa phaseovershootthat can reach180 deg or twice
the phase differencebetween acoustic pressure and velocity. By in-
spection of Eq. (11), the phase angle depends on the product of the
Strouhal and penetrationnumbers. In dimensionalform this product
scales with the convection-to-diffusion-speed ratio of the rotational
disturbancesintroducedat the wall. Lower injections,shortercham-
bers, higher oscillation modes, higher viscosities, or higher speeds
of sound result in a larger pressure-to-velocity phase lead at the
wall. The largest phase shift will occur, for instance, in a small solid
rocket motor. Practically, this angle is a few degrees or less.

Relevance
The current analysis discloses the importance of the rotational

� ow component in altering the acoustic boundary-layer character.
The actual structureof the boundary layer is quite different from the
thin acoustic layer assumed in one-dimensionalmodels. By analogy
to Culick’s steady � ow solution,15 the current solution could be
incorporated into existing codes to improve prediction capabilities.

By analogy to the Stokes number that governs the thickness of
the boundary layer in periodic � ows with inert walls, the penetra-
tion number appears to play a similar role when the walls are made
porous. In dimensional form this number Sp D V 3

b !¡2
0 º¡1

0 R¡1 indi-
cates that the thickness of the acoustic boundary layer will depend
chie� y on the injection velocity. The circular frequency is second
in importance. Doubling the frequency decreases the penetration
number by a factor of four, which, at suf� ciently large frequen-
cies, reduces the boundary-layer thickness by a factor of four also.
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Because Sp is inverselyproportionalto º0 , viscosityplays the role of
a wave-attenuationagent.Moreover, the chamber geometryappears
to have an effect on the penetration number. In fact, decreasing the
motor’s effective radius causes the penetration depth to grow pro-
portionately larger, which is to be expected because the effect of
blowing becomes more appreciable when the cross-sectional area
is reduced.

Conclusions
The classical concepts of boundary-layer theory regarding in-

ner, near-wall, and outer, external regions are almost reversed for
unsteady � ows over transpiring surfaces. Near the wall, instead of
observingthe traditionallythin viscous layer, a thick rotationallayer
is establishednear the solid boundary when sidewall injection is in-
troduced, and this can be ascribed to the strong vortical transport
in the radial direction. The acoustic boundary layer, in the context
describedhere, is a region of highly concentratedvorticity.The cor-
respondingpenetrationdepth is, therefore,a measure of the vortical
reach into the core. The thin layer where viscous friction is impor-
tant is removed from the wall to the edge of the rotational region.
The penetrationdepth appears to be a direct function of a similarity
parameter that is 1) proportional to the cube of the injection speed,
2) inversely proportional to the square of the frequency, and 3) in-
versely proportional to the viscosity and chamber effective radius.
This dependence is in agreement with empirical observations and
numerical simulations. Finally, the pressure-to-velocityphase shift
is found to vary froma few degreesor less at the wall to 90 deg along
the core afterundergoinga phaseovershootthat is reminiscentof the
Richardson effect. At the wall the phase shift is controlled by
the quotient of the convection and diffusion speeds of the vortical
waves.
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Introduction

I T is well known that under certainconditions,a tornado-likevor-
tex is formed between an air inlet or a water intake and a nearby

solid wall or water surface (see, e.g., Ref. 1). The properties of the
� ow with vortex are so radically different from the case without
it that one cannot ignore the possibilities and the consequences of
the vortex in any application. In the case of a jet engine inlet of an
aircraft, the consequences range from reduced engine performance
to damage of engine componentsdue to ingestionof foreignobjects
by the action of the vortex motion.2¡4

On the basis of the results of his pioneering experiments, Kline2

gave three conditions for the formation of the inlet vortex: 1) the
existenceof vorticityin theambient � ow, 2) a stagnationpointon the
wall, and 3) an updraft from the stagnationpoint to the inlet. Using
a twin-inletmodel, in which one inlet acts like an image of the other
instead of a solid wall, Kline5 showed that the boundary layer on
the wall is not critical as the source of the vorticity. Also, Shin et
al.6 pointed out that, when the incident � ow is at yaw, circulation
is generated around the inlet itself, and the ambient vorticity is not
needed.Hence, the most criticalconditionfor inlet vortex formation
is the requirement of the stagnationpoint on the wall. Based on this
argument, it has been widely believed that the examination of the
formation of the stagnation streamline would give a good idea of
the possibility of forming a vortex.7;8

The present Note takes up the question of the conditions of the
formation of the inlet vortex and tries to give more quantitative an-
swers thanbeforeby examiningtheexistingdata and newly obtained
data on large inlet diametersmounted close to a wall or ground such
as recent high-bypass engines. The present results indicate that a
simple method based on the potential � ow stagnation point gives
the correct trend for formation of a vortex but predicts a vortex at
higher suction velocity than observed in experiments.
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